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Answering a question posed by Abramovich et al. (Indag. Math. ðN:S:Þ 10 (1999),
161–171, we prove that a positive multiplication operator on an arbitrary Banach
function space X is compact-friendly if and only if the multiplier is constant on a set
of positive measure. # 2002 Elsevier Science (USA)1. PRELIMINARIES
The main object of our interest is multiplication operators on Banach
function spaces. If X is a Banach function space on a measure space ðO;S;mÞ
and h is a measurable function, then the multiplication operator Mh on X is
deﬁned by Mhf ¼ hf for each f 2 X . Observe that a multiplication operator
Mh maps X into itself if and only if the multiplier h is an (essentially)
bounded function. So, for the rest of this paper, whenever we deal with a
multiplication operator Mh on a Banach function space, we assume that the
multiplier h 2 L1ðmÞ. We will say that a multiplier h 2 L1ðmÞ has a flat if h is
constant on some A 2 S with mðAÞ=0.
A positive operator S : X ! X on a Banach lattice X is said to dominate
another operator T : X ! X (in symbols, SgT) if
jTxj4Sjxj
for each x 2 X . If S dominates T , we shall also say that T is dominated by
S. Every operator dominated by a positive operator is automatically
continuous.
The notion of a compact-friendly operator was introduced in [1] and it
plays an important role in connection with the invariant subspace problem
for positive operators. We refer to [3] for a comprehensive exposition on this
subject.517
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G. G. SIROTKIN518Definition 1.1. A positive operator B : X ! X on a Banach lattice is
said to be compact-friendly if there exist three non-zero operators R; K ; T :
X ! X such that R and K are positive, K compact, and
RB ¼ BR; RgT ; and KgT :
It was proved in [4] that a multiplication operator on each LpðmÞ- space or
CðKÞ space is compact-friendly if and only if the multiplier h has a ﬂat. The
proof in [4] depended heavily on the metric properties of the Lp and CðKÞ
spaces. Answering a question posed in [4] we show in this paper that the
metric properties of the spaces are not essential and that the result remains
true for each Banach function space. Namely, we prove the following
theorem:
Theorem 1.2. Let ðO;S; mÞ be an arbitrary measure space without infinite
atoms. Consider a Banach function space X over O. Then for any 04h 2 L1
ðOÞ the multiplication operator Mh 2 LðX Þ is compact-friendly if and only if h
has a flat.
The proof of this theorem will be given in the next section. We precede
this with some notations. Let ðO;S;mÞ be a measure space and L0
ðO;S;mÞ ¼ L0ðOÞ be the Dedekind complete vector lattice of (all equivalence
classes of) measurable functions over O. Let X be an order ideal in L0ðOÞ.
We say that X is a Banach function space if X is endowed with a lattice norm
jj 	 jj, such that ðX ; jj 	 jjÞ is a Banach space, and X contains each characteristic
function wA of measurable subsets of ﬁnite measure.
If h is a multiplier in L1ðOÞ and J is a subset of R, then the Lebesgue set
h
1ðJÞ ¼ fo 2 O : hðoÞ 2 Jg will be denoted by EJ , i.e.,
EJ ¼ h
1ðJÞ ¼ fo 2 O : hðoÞ 2 Jg:
If f :O! R is a function, then its support, suppðf Þ, is deﬁned by
suppðf Þ ¼ fo 2 O : f ðoÞ=0g:
If A; B 2 S, then relations A  B a.e. and A ¼ B a.e. are understood as
usual, i.e., m-a.e. For example, A  B a.e. means that mðfo 2 A :o =2 BgÞ ¼ 0.
Let T : X ! X be a continuous operator on a Banach function space and
let E  O be a measurable subset of positive measure. We will say that T
leaves E invariant, if
x 2 X and suppðxÞ  E a:e: imply that suppðTxÞ  E a:e:
In this work, the word ‘‘operator’’ will be synonymous with ‘‘linear
operator’’. An operator T : X ! Y between two Banach lattices is positive if
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here can be found in [5] or [6].
2. PROOF OF THEOREM 1.2
In one direction, Theorem 1.2 is almost obvious. Namely, if a non-
negative multiplier h 2 L1ðOÞ has a ﬂat, then as shown in [2] the operator
Mh is compact-friendly. For convenience of the reader we reproduce the
proof. If h has a ﬂat, then there exists A 2 S of ﬁnite, non-zero measure, such
that hðoÞ ¼ c for all o 2 A. Take any non-zero functional f 2 X *þ such that
for all x 2 X with suppðxÞ  O=A we have fðxÞ ¼ 0. Consider now a non-
trivial positive rank-one operator T ¼ f wA. We claim that T commutes
with Mh. To see this note that fðxÞ ¼ fðx 	 wAÞ for each x 2 X ; hwA ¼ cwA,
and so we have
TðhxÞ ¼ wAfðhxÞ ¼ wAfðhxwAÞ ¼ wAfðcxwAÞ ¼ cwAfðxwAÞ ¼ hwAfðxÞ ¼ hTx:
We see that Mh commutes with a compact positive operator T and thus Mh
is compact-friendly.
It is the reverse implication that is difﬁcult. Assume that for a non-
negative multiplier h 2 L1ðOÞ the multiplication operator Mh on X is
compact-friendly. A simple measure argument shows that if the measure
space ðO;S;mÞ contains an atom, then h should be constant on it and thus h
has a ﬂat. Consequently, we can assume, without loss of generality, that the
measure space is atomless.
Suppose h does not have any ﬂats. According to the deﬁnition of a
compact-friendly operator, there exist three non-zero bounded operators
R; K ; T : X ! X satisfying the following conditions:
ðiÞ R and K are positive,
ðiiÞ K is compact, and
ðiiiÞ RMh ¼ MhR; RgT and KgT .
Since T is dominated by a positive operator R, it follows that T is order
bounded and thus the modulus jT j exists and is given by
jT jðxÞ ¼ supfjTyj : jyj4xg
for all x 2 Xþ. From this formula and from the fact that jjT jxj4jT jjxj we can
see that RgjT j and KgjT j. Therefore, from the beginning we may assume
T50.
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I ¼
[n
k¼1
Ik : Ik is a bounded interval in R; n 2 N
( )
of ﬁnite unions of arbitrary bounded intervals. We need the following
properties of I:
(i) For any A; B 2 I we have ADB 2 I. Furthermore, EADEB ¼ EC ,
where C ¼ ADB 2 I. In particular, O=EA ¼ E½0;jjhjj1=EA ¼ E½0;jjhjj1DEA ¼
EC for some C 2 I.
(ii) If A; B 2 I satisfy %A ¼ %B, then ADB is ﬁnite. Therefore, our
assumption that h has no ﬂats implies that mðEADEBÞ ¼ 0.
To reveal one more important property of I we recall Theorem 2.2 in [4]
which says that if R commutes with Mh, then R leaves all the sets E½a;b
invariant. Note that since RgT we can say the same about T .
Moreover, property (ii) above implies that for any A 2 I, the operators R
and T leave EA invariant too. We will need the following generalization of
this property:
(iii) For any x50 and any A 2 I, we have
Tðx 	 wEA Þ ¼ ðTxÞ 	 wEA :
To show this we just repeat the argument from [4]. Let V and W be disjoint
sets such that T leaves them invariant. And let x be any function in X with
suppðxÞ  V [ W . Then we can represent x as x ¼ xwV  xwW . Since
T leaves V and W invariant we have suppðTðxwV ÞÞ  V and
suppðTðxwW ÞÞ  W . Thus Tx ¼ TðxwV Þ  TðxwW Þ on the other hand
Tx ¼ ðTxÞwV  ðTxÞwW . This implies that TðxwV Þ ¼ ðTxÞwV and
TðxwW Þ ¼ ðTxÞwW . So given A 2 I we put V ¼ EA and W ¼ O=EA. They
are disjoint and the only thing to check is that they are left invariant by T .
They are since V ¼ EA; W ¼ EC with A; C 2 I and T leaves all such sets
invariant.
Let us take any x050 such that Tx0=0. Clearly, such x0 exists due to the
non-triviality of T . Consider a set F  suppðTx0Þ of ﬁnite positive measure.
Note that all the inequalities between operators R; T ; and K are preserved if
we use wF 8T instead of T . This allows us to assume that suppðTx0Þ ¼ F .
Before moving further let us establish the following simple fact:
If F ð1Þ ¼ EA \ F for some A 2 I, then for any n 2 N, there are I ð1Þ; . . . ;
I ðnÞ 2 I such that for any k ¼ 1; 2; . . . ; n and for any j=k we have
ðiÞ mðEI ðkÞ \ ðF =F ð1ÞÞÞ ¼ 0;
ðiiÞ mðEI ðkÞ \ F ð1ÞÞ ¼ 12 mðF
ð1ÞÞ;
ðiiiÞ mðEI ðkÞDEI ðjÞ Þ ¼ 12 mðF
ð1ÞÞ.
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that for any ﬁxed a the function NðgÞ ¼ mðF \ E½a;gÞ is continuous. This
allows us to chose a partition of ½a;b into 2n pieces by points: fa ¼
g0; g1; . . . ; g2n ¼ bg in such a way that mðF \ E½gi ;giþ1Þ ¼
1
2n
mðF \ E½a;bÞ.
Letting
I ðkÞ ¼
[2n
k
1
j¼0
½g2kj ; g2kjþ2k
1 ;
we have the desired intervals. For the general case we ﬁrst notice that
since F ð1Þ ¼ F \ ESr
i¼1
Ai
, where Ai are bounded intervals, we can write F
ð1Þ
¼ F \ ESm
i¼1
½ai ;bi 
up to set of measure zero. Then using the procedure
described above, we construct intervals I
ðkÞ
i for each F \ E½ai ;bi  and deﬁne
I ðkÞ ¼
Sm
i¼1 I
ðkÞ
i . It is easy to check that the sets constructed satisfy all
requirements.
Since K is a compact operator and the set ½0; x is norm bounded for each
x 2 X , the set Kð½0; xÞ is jsjðX ; X * Þ-totally bounded. Since 04T4K ,
Theorem 16.11 in [5] guarantees that the set Tð½0; xÞ is also jsjðX ; X * Þ-
totally bounded for all x 2 X . In particular, the set C ¼ Tð½0; x0Þ is
jsjðX ; X * Þ-totally bounded set.
Recall that if A 2 I, then Tðx0 	 wEA Þ ¼ ðTx0Þ 	 wEA , and thus ðTx0Þ 	 wEA 2
C for all A 2 I. Consider a subset Cd  C deﬁned as follows:
Cd ¼ fx ¼ ðTx0Þ 	 wEA : A 2 I; mðF =suppðxÞÞ5dg:
Our next goal is to show that for any d > 0 the point 0 2 convðCdÞ. To do
this, it is enough to show that 0 2 convðCdÞ
jsjðX ;X * Þ
. Fix d > 0 and a basic
jsjðX ; X * Þ-neighbourhood of 0:
U ¼ U jsje; f1;...; fm ¼ fu 2 X : fiðjujÞ5e; i ¼ 1; . . . ; mg;
where e > 0 and fi 2 X *þ . For any j 2 N let Uj ¼ U
jsj
e=2 jþ1; f1;...; fm
. Since C is a
jsjðX ; X * Þ-totally bounded set, it can be covered by a ﬁnite number nj of
translates of Uj. Applying the fact above for n ¼ n1 þ 1 and F
ð1Þ
1 ¼ F ¼
F \ E½0;jjhjj we can ﬁnd two sets I
ð1Þ
1 ; I
ð2Þ
1 2 I such that ðTx0Þ 	 wE
I
ð1Þ
1
and
ðTx0Þ 	 wE
I
ð2Þ
1
are U1-close. Therefore, the element y1 deﬁned by
y1 ¼ ðTx0Þ 	 wE
I
ð1Þ
1
DIð2Þ
1
¼ jðTx0Þ 	 wE
I
ð1Þ
1

 ðTx0Þ 	 wE
I
ð2Þ
1
j
is in U jsje=2; f1;...; fm and suppðy1Þ ¼ F \ EI ð1Þ1 DI
ð2Þ
2
. Moreover, by deﬁnition of y1
we have
mðF =suppðy1ÞÞ ¼ mðF Þ 
 mðEI ð1Þ
1
DE
I
ð2Þ
1
Þ ¼ mðF Þ 
 1
2
mðF ð1Þ1 Þ ¼
1
2
mðF Þ:
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I
ð1Þ
1
DI ð2Þ
1
¼ EA for
some A 2 I. Thus, we can apply our fact for n ¼ n2 þ 1; F
ð1Þ
2 ¼ F \ EA ¼
F
ð1Þ
1 =EI ð1Þ
1
DI ð2Þ
1
to ﬁnd I
ð1Þ
2 ; I
ð2Þ
2 2 I such that ðTx0Þ 	 wE
I
ð1Þ
2
and ðTx0Þ 	 wE
I
ð2Þ
2
are
U2-close. Thus, we get
y2 ¼ ðTx0Þ 	 wE
I
ð1Þ
2
DIð2Þ
2
¼ jðTx0Þ 	 wE
I
ð1Þ
1

 ðTx0Þ 	 wE
I
ð2Þ
1
j
is in U jsje=22; f1;...; fm , by construction y1 and y2 are disjoint, and
mðF =suppðy1  y2ÞÞ ¼ mðF Þ 
 mðEI ð1Þ
2
DE
I
ð2Þ
2
Þ 
 1
2
mðF Þ
¼ 1
2
mðF Þ 
 1
2
mðF ð1Þ2 Þ ¼
1
4
mðF Þ:
Repeating the procedure for n ¼ nj þ 1; F
ð1Þ
j ¼ F
ð1Þ
j
1=suppðyj
1Þ we
produce an element yj such that yj ¼ ðTx0Þ 	 wEA\F ð1Þj
for some A 2 I and
mðsuppðyjÞÞ ¼ 12 mðF
ð1Þ
j Þ ¼
1
2j
mðF Þ. Let us stop as soon as we get mðF ð1Þj0 Þ5d.
Deﬁning y0 ¼ y1  	 	 	  yj0 we get y0 ¼ ðTx0Þ 	 wEA for some
A 2 I; mðF =suppðy0ÞÞ5d, and y0 2 U . Thus, we get y0 2 Cd \ U which
shows that 0 2 Cd
jsjðX ;X * Þ
 convðCdÞ
jsjðX ;X * Þ
and therefore 0 2 convðCdÞ.
Our ﬁnal observation is the following. Consider the sets A1; . . . ; Ar 2 I
such that Tx0 	 wEAk 2 Cd. We claim that any convex combination
zd ¼
Pr
k¼1 lkwF\EAk satisﬁes the following estimates: mðfo 2 F : zdðoÞ5
1
2
gÞ
5 mðF Þ 
 2d. Indeed,
mðF Þ 
 d5
Xr
k¼1
lkmðF \ EAk Þ ¼
Z
zd ¼
Z
zd51=2
zd þ
Z
zd51=2
zd
4 1
2
ðmðF Þ 
 mðfzd512gÞÞ þ mðfzd5
1
2
gÞ ¼ 1
2
mðF Þ þ 1
2
mðfzd512gÞ:
Using this fact in conjunction with the fact that 0 2 convðCdÞ we can
produce a sequence fzng such that jjznjj51n and mðfzn5
1
2
gÞ5mðF Þ 
 d
2n
.
Consider the set A ¼
T1
n¼1 fo 2 O : znðoÞ5
1
2
g. Obviously mðAÞ5mðF Þ 
 d
and so the function z0 ¼ 12 wA is non-zero. However, from 04z04zn, it
follows that jjz0jj4jjznjj41n, whence z0 ¼ 0, a contradiction.
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